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Abstract
Damping through friction tends to be one of the most efficient methods to suppress damage to structures from earthquakes. Realizing 
robust structures is therefore highly dependent on designing for the dynamic forces of friction-damped structures and exploring 
their reliability against natural disasters. This paper presents a simplified matrix analysis algorithm for multi-story friction- damped 
buildings. The behavior of friction-damped systems has analyzed more accurately by modeling the master-slave degree of freedom 
of the joints. First, the formulation of the problem is discussed, and a condensed general equation is derived. Then, an end-to-end 
solution is proposed to find the responses of structures. The displacement response of each story has been carried out in both 
condensed and non-condensed general equations, and the results clearly show the accuracy of the proposed method. The numerical 
analysis and the results of the simulation of various friction-damped structures depicts the proposed approach consists with the 
commercial finite element method and is applicable for the analysis various types of structures. It is noted that the acceleration and 
displacement responses of the structures investigated under the proposed method and the traditional finite element method are so 
consistent that only a 1.5% difference is observed. Moreover, as a result of the proper allocation of degrees of freedom during the 
analysis, this method yields a reduction in computational costs especially in large buildings.
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1 Introduction
Structures in any geographic location may be subjected to 
natural hazards such as earthquakes. Although the inher-
ent phenomena are inevitable, the impacts of earthquakes, 
and the cost of such disasters can be reduced if seismic 
control approaches are implemented within structures. 
In this way, analyzing soil and investigating total dis-
placement formulations in the frequency domain has been 
suggested for structures with an embedded elastic founda-
tion [1]. Another approach used semi-active base isolation 
control systems [2, 3]. 
However, the avoidance of structural collapse alone is 
not sufficient because the costs of finishes, contents, and 
sensitive instrumentation can be high. In this way if a major 
portion of the seismic energy independent of the primary 
structure is dissipated mechanically, then the destructive 
effects can be reduced [4]. With the emergence of passive 
energy dissipation systems such as friction dampers [5, 6], 
it became economically feasible to significantly increase 
resistance to earthquakes, and damage control potential of 
a structure. In general, frictional equipment performs well 
against earthquakes in such a way that their response is 
independent of the loading range and frequency, as well as 
the number of loading cycles. Two major types of frictional 
dampers are linear and rotational and operate on the princi-
ple of a coulomb damping [7]. Due to a rectangular hyster-
etic loop of a friction damper, as long as a building is suffi-
ciently elastic, it tends to settle back to its original positions 
after an earthquake. One of the main aspects of this kind 
of damper is the higher energy dissipation due to the large 
area under the friction damper curve [8] which has led to 
a need for fewer devices for a certain level of earthquake. 
The use of a friction damper results in a higher protec-
tion level for buildings against earthquakes [9–12]. Friction 
dampers are one of the most efficient methods of dissipat-
ing seismic energy. It has been shown that the efficiency 
of the energy dissipation of wall friction dampers under 
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far-field earthquakes was 118% higher than that under 
near-field ones [13]. In another study [14], a rotational fric-
tion damper was investigated, and the modeling results 
showed 54% and 97% reductions in the maximum roof 
displacement and hysteresis energy, respectively. Recent 
researches [15] investigated five different damper location 
formats in SAP2000 based on the El Centro earthquake 
record. The results showed that the response of the struc-
ture i.e., the time period, story displacement, drift, and 
acceleration could be reduced by using a friction damper. 
However, it was shown that the percentage of the dissi-
pation of the energy input through link hysteretic behav-
ior depended upon the location and the number of friction 
dampers. Ontiveros-Pérez et al. [16] presented a method-
ology to reduce the maximum displacement at the top of 
a structure and the maximum inter-story drift using two 
objective functions. The results depicted a reduction of 
about 66 percent of the parameters. Mentioned in [17] 
and [18] discussed an improved friction damper, which 
is used in cross bracings with the difference that its cen-
tral core was T-shaped. Four accelerograms of the Kobe, 
Naghan, Tabas and SanFernando earthquakes were used 
for a dynamic time-history analysis of the frames simu-
lated in SAP2000. It was concluded that the improved fric-
tion damper could outperform in severe earthquakes such 
as Kobe and Tabas. The optimization of force as well as the 
position of the friction damper was addressed in [19]. The 
results proved that the proposed method was able to reduce 
the inter-story drift of a shear of a building by more than 
65% and the maximum displacement at the top of the tower 
by approximately 55% with only three friction damp-
ers. Since the above methods could not be used as practi-
cal cases because of the computational complexity, Nabid 
et al. [20] developed a more effective method in which they 
introduced an empirical design equation that maximized 
the energy dissipation of a wall friction damper. In a recent 
study Nabid et al. [21] presented a low computational 
method in which the computational costs were reduced up 
to 300 times compared to non-linear dynamic analyses.
All the above research assumed a spring-mass system in 
their processes. It must have assumed a very large degree 
of stiffness in their models, for springs in the non-sliding 
mode and zero stiffness in the sliding mode. As a result 
of this assumption, the stiffness of the element and defor-
mation in the structural element would be different. This 
paper focuses on the most important aspects of friction 
damper modeling, i.e., a is frame analysis based on the 
behavior of each joint within the structure. In this way, 
an analytical matrix analysis method is proposed which 
is based on the master-slave modeling of joints. The main 
objective of this paper is to provide a more accurate practi-
cal approach for the dynamic analysis of friction -damped 
structures.
2 Mathematical formulation
2.1 General equation in a MDOF system
The analysis is started by modeling a friction joint as 
a multi-degree of freedom (MDOF) system. As can be seen 
in Fig. 1, in addition to two axial degrees of freedom (DOF) 
for friction (i and j), it is also considered a vertical DOF 
(s) and a rotational DOF (r). This is because the joints do 
not disconnect and work together. The following assump-
tions are considered: (a) the natural frequency of the fric-
tion -damped structure is constant; (b) the general equation 
is nonlinear due to the friction; (c) the end point is different 
from the starting point; (d) If the bracing force is less than 
the friction force, the slip behavior does not occur, and the 
system acts as a braced frame
The general equation in the MDOF's structure can be 
written as Eq. (1):
Mx Cx Kx f t t t t( ) + ( ) + ( ) = ( ) . (1)
M is the mass matrix with a size of NDOF × NDOF; C is 
the damping matrix with a size of NDOF × NDOF; K is the 
stiffness matrix with a size of NDOF × NDOF; NDOF is 
the number of DOFs; ẍ(t) is the acceleration response vec-
tor; ẋ(t) is the velocity response vector; x(t) is the displace-
ment response vector; and f(t) is the external force vector.
2.2 General equation based on master-slave 
condensation
Since actual industrial, structures are generally repre-
sented by very large finite element models, it is usually 
not possible to efficiently solve the set of non-linear Eq. (1) 
Fig. 1 Friction joints in a MDOF frame
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when x(t) consists of the harmonic components of all the 
DOFs. Generally, it may be necessary to reduce a finite 
element model to a smaller size. In our previous research 
work [22], it was shown that condensation is a highly effi-
cient method for a reducing model and saving computa-
tional costs. This paper therefore presents a practical low 
complexity algorithm, which is based on the reduced order 
DOF of a system. Therefore, using the mentioned theory, 
an accurate analysis of a structure’s behavior is possible 
through the direct modeling of each joint of a structure. 
In this case, the general equation can be partitioned into 





















































xm is the displacement vector of the master DOFs; xs is 
the displacement vector of the slave DOFs; Kmm.Kms.Ksm 
and Kss are partitions of the stiffness matrix; Mmm is the 
main partition of the mass matrix; Oms.Osm and Oss are null 
partitions of the mass matrix; fm is the external force vec-
tor on the master DOFs; and fs is the external force vector 
on the slave DOFs. By expanding of Eq. (2), the Eq. (3) and 
(4) are formed:
M K K fx x xmm m mm m ms s m + + = , (3)
K x K x f x K f K xsm m ss s s s ss s sm m+ = ⋅ = −( )−1 . (4)
By applying the results of Eq. (4) into Eq. (3), Eq. (5) 
is obtained:
M K K K K f K K fx xmm m mm ms ss sm m m ms ss s + −( ) = −− −1 1 . (5)
So, in comparing Eq. (5) with the traditional general 
equation the condensed or reduced mass and stiffness 
matrices, can be extracted as Eqs. (6–7):
M M* = mm , (6)
K K K K K* = − −mm ms ss sm
1 . (7)
The reduced external force vector is defined as Eq. (8):
f f K K f* = − −m ms ss s
1 . (8)
The general equation of a system can then be redefined 
based on the master DOFs as Eq. (9): 
M K xx* * *m m f+ = . (9)
In the condensed general equation, the external force 
vector of the master DOFs, fm, is actually the seismic force 
(i.e., the earthquake). In the same way, the vector of the 
forces related to the slave DOFs, fs, is the vector in which 
the frictional forces are placed. To achieve the velocity of 
the slave DOFs, ẋs, by considering Eq. (4), it can obtain the 
differentiation of this vector as Eq. (10):
x K f K K x x
K f K K x
s ss s ss sm m s















Hence, it is considered that the vector of the frictional 
forces of slave DOFs is equal to the zero vector (
d
dt
fs ≅ { }0 ). 
Therefore, the velocity vector of the slave DOFs is approx-
imately redefined as Eq. (11):
 x K K xs ss sm m≅ −
−1 . (11)
Eq. (11) lets us define the velocity of the slave DOFs in 
the terms of the master DOFs. In fact, through this import-
ant relation the condensed general equation can be solved 
in a lower degree. To obtain the actual general equation 
of a structure that explains the behavior of each member, 
it needs to determine the system stiffness matrix as defined 
in Eq. (12):
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 (13)
In Eq. (12), Ti is the member's transformation matrix, 
which correlates the member's local degrees of freedom to 
the system's global degrees of freedom; Ri is the member's 
rotation matrix, which rotates the direction of the local 
degrees of freedom to the global directions; and ki is the 
member's stiffness matrix in a rank of 6 × 6 [23].
2.3 Matrix analysis of the condensed general equation
Based on the proposed condensation method discussed in 
Section 2.2, now it is going to present the end-to-end solu-
tion to find the response of the condensed general equation 
in Eq. (9), which gives the dynamic responses of a system 
equipped with friction dampers. The main concern of our 
model is that four independent degrees for each frictional 
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damper is considered. In this way, each node can be stabi-
lized by defining two axials (i.e., a vertical and a rotational 
degree of freedom). Moreover, the total number of DOFs of 
the structure is divided into master and slave ones, and the 
general equation is only solved for the master DOFs. Fig. 2 
illustrates the conceptual diagram of the proposed approach. 
To analyze a structure, first it is needed to set the initial set 
of parameters such as the number of stories, section area 
of an element, node coordination matrix, the element coor-
dination matrix, and finally the earthquake records as an 
external force. After the mentioned parameters are entered, 
the data process will be now started. In this step the neces-
sary data would be extracted in order to form the condensed 
general equation. Then, the stiffness matrix and its parti-
tions are calculated based on Eqs. (12–13), respectively. 
Now the general equation of the system can be formed 
using Eq. (9). To solve a general equation, the Newmark-β 
method is used. Although the method is discussed in many 
textbooks in structural dynamics [24], a brief description of 
this method as specialized for a nonlinear force deformation 
model is provided here. The Newmark-β method is based 
on the solution of an incremental form of general equation. 
Two approaches are presented, i.e., displacement-based 
and acceleration based. Since using a damper causes the 
structural response to be maintained in a linear area, the 
Newmark's method is used which assumes a linear acceler-
ation over a small time interval, ∆t. 
Assuming a certain specific variation for the acceler-
ation within the time interval  the incremental displace-
ment, velocity, and acceleration can be written as
M Cx K x f
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 + ( ) +β∆ 2 1 .
 (14)
xi: displacement at moment i; ẋi+1: displacement at 
moment i + 1; ẋi: velocity at moment i; ẋi+1: velocity at 
moment i + 1; ẋi+1: acceleration at moment i; ẋi+1: accelera-
tion at moment i + 1. 
M* : reduced mass matrix, K*: reduced stiffness matrix, 
C: damping matrix, and β is Newmark's constant, γ = ½, 
β = 1/6 for the linear acceleration method.
In order to preserve the Newmark-β method's stability, 
the critical time step, N0, is defined as Eq. (15):













Tf is the largest natural period of the structure.
In order to verify the accuracy of the condensed general 
equation, the Runge-Kutta numerical method is used [25]. 
In fact, it is going to show the structural response in both 
non-condensed and condensed general equations. The 
former is solved by Newmark-β method, and the latter 
is solved by the Runge-Kutta method. The most com-
monly used constants in using a fourth order Runge-Kutta 
method give the following series of formulas:
Fig. 2 Conceptual diagram of the proposed matrix analysis method
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3 Results and discussion
3.1 Four-story building with a friction damper
To assess the performance of the proposed method, first the 
behavior of the system is investigated in detail. Fig. 3 shows 
the analyzed frame under the proposed method. Based on 
our method, the total DOFs of the system is divided into 
4 master DOFs and 32 slave DOFs. A general equation is 
formed that is based on the master DOFs. Then, the proce-
dure for the matrix analysis method as explained in Fig. 2 
is used to find the displacement response of some DOFs by 
the proposed method, including a condensed general equa-
tion based on the master-slave theory. In order to compare 
the results, the response of each story is first investigated 
with both methods, i.e., the traditional non-condensed gen-
eral equation and the proposed condensed general equation.
The simulation results of both methods are illustrated 
in Fig. 4. The external force is an impulse function with 
a duration of 8 s and ∆t = 0.005 s. The Runge-Kutta method 
is used to solve the non-condensed general equation, 
and the Newmark method is used for the proposed con-
densed general equation. The simulations are carried out 
in Mathcad software. Fig. 4 demonstrated that the response 
of both methods is close to each other. This is despite the 
fact that in the proposed method, the computational cost 
and time of the situation would be reduced.
This is because the actions from the presented method 
are based on a reduced number of degrees of freedom, 
instead of the total number of equilibrium equations and 
non-zero stiffness terms. So, the order of complexity is 
limited by the number of operations for the formation of 
the local matrices of one element. Also, in the Newmark 
method second-order ODEs can be solved directly without 
Fig. 3 Analyzed four-story friction-damped structure frame under the 




Fig. 4 Comparison of the condensed general equation by the Newmark 
method and the non-condensed one by the Runge-Kutta method under 
an impulse function (a) displacement at Story# 1; (b) displacement at 
Story# 2; (c) displacement at Story# 3
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having to convert them into a state-space which is neces-
sary for Runge-Kutta methods. This means fewer DOFs; 
hence a lower computational cost, when compared to the 
Runge-Kutta methods.
The structure is then analyzed with relation to Tabas 
and Chi-Chi earthquakes. Fig. 5 shows the records for the 
above mentioned earthquakes. 
The displacement and acceleration responses of the 
four -story frame analyzed under the proposed algorithm 
and the Tabas earthquake are illustrated in Fig. 6. In a sim-
ilar way, Fig. 7 shows the response of the four -story build-
ing under the Chi-chi earthquake. 
In order to verify the method presented, the frame of 
Fig. 3 is analyzed by other FEM software such as OpenSees. 
The results of the comparison are shown on Fig. 8. Also, 
the first 4 natural frequencies according to both methods 
were determined to be 6.258, 17.766, 30.173, and 47.424.  
3.2 Six and ten- story building with a friction damper
For the second scenario, two-bay six story and a ten-
story friction-damped building are investigated in which 
one friction damper is used on each floor. The analyzed 
structures under the proposed method are shown in Fig. 9. 
The degrees of freedom for a corner joint and an internal 
friction joint are three and four respectively. The acceler-
ation and displacement responses of six and ten storys are 
shown in Figs. 10 and 11, respectively.
(a)
(b)
Fig. 5 Earthquake records of (a) Tabas; (b) Chi-Chi
(a)
(b)
Fig. 6 Response of the four-story friction-damped structure using 




Fig. 7 Response of the four- story friction- damped structure using 
the proposed method, under the Chi-Chi earthquake (a) Displacement; 
(b) Acceleration
Fig. 8 Comparison of the four-story-friction damped structure's displace-
ment according to different methods under the Tabas earthquake
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(a) (b)
Fig. 9 Frame Specification of (a) two-bay six story friction-damped structure; (b) two-bay ten story friction-damped structure
(a) (b)
Fig. 10 Time responses of a six-story under the Chichi earthquake (a) displacement of two-bay six–story; (b) acceleration of two-bay six-story
(a) (b)
Fig. 11 Time responses of a ten-story under the Chichi earthquake (a) displacement of two-bay ten-story; (b) acceleration of two-bay ten-story
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Table 1 depicts the results of the comparison of the 
1-bay and 2-bay four -story buildings under different earth-
quakes. For a further investigation 6-, 7-, 10-, and 14-story 
are analyzed, both 1-bay and 2-bay, equipped structures 
with friction dampers (see Fig. 12). As it is expected, the 
proposed method can be exploited for any structure with 
different numbers of stories. The results show that analyz-
ing the structures using the proposed method are in a good 
agreement with traditional software.
The performance of the proposed algorithm can be 
proved, and it can be effective for estimating the acceler-
ation parameters of various structures. The small differ-
ences between the two methods occur due to the output 
sampling time interval used for them. 
The running time of the proposed algorithm and tra-
ditional FEM software are compared in Fig. 13. Running 
time is a time that the software needs to analyze the struc-
tures. The proposed algorithm is carried out in Mathcad 
software and the hardware specification in both tests is 
Corei7@1.8GHz processor. The result depicts that the run-
ning time of the proposed method is lower than that of tra-
ditional FEM software especially in the case of high stories.
For proving the results of this paper, similar works are 
reviewed in which the various friction damped structures 
have been analyzed. Most of them focused on displacement. 
Also, some of them as noted in the Table 2, are reported 
both displacement and acceleration in their research. They 
are concluded and the analogy of this paper and the other 
references are summarized in Table 2. Moreover, the sta-
tistical results are depicted in Fig. 14 to clarify the consis-
tency of this paper with the other references.
Table 1 Maximum acceleration and displacement of four- story bend ing frame structure under different earthquakes
Earthquake Parameter
Traditional FEM Software Proposed Method Deviation (%)
1-Bay 2-Bay 1-Bay 2-Bay 1-Bay 2-Bay
Manjil, (1990), 
PGA (cm/s/s): 28.21
Acceleration (m/s2) 10.90 12.68 11.06 12.79 1.4 0.86
Displacement (cm) 29.202 31.89 29.66 32.01 1.5 0.37
Kobe, (1995),  
PGA (cm/s/s): 603.61
Acceleration (m/s2) 7.82 10.89 7.89 10.92 0.8 0.27
Displacement (cm) 17.86 19.76 18.03 19.8 0.94 0.20
El-Centro, (1940), PGA 
(cm/s/s): 210.14  
Acceleration (m/s2) 14.38 10.63 14.49 10.79 0.75 1.48
Displacement (cm) 29.87 23.96 30.02 24.1 0.5 0.58
Fig. 13 Comparison of running time with proposed and traditional 
methods
Table 2 Verification of results of this paper with similar research


































This paper 9-story 0.01850.0187 4.28
4.30
Fig. 12 Comparison of the peak acceleration of various structures with 
the proposed and traditional methods
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4 Conclusions
This work presented the matrix analysis method in order 
to analyze the behavior of friction- damped structures. 
In the proposed method, the total DOFs are divided into 
master and slaves, and the frictional joints are modeled 
by 4 DOFs. In this way, the condensed general equation is 
extracted in which only dynamic loading was occurred on 
the master DOFs, and the slaves act as a static DOFs and 
could be presented based on the responses of the master 
DOFs. Then, end -to -end solution was designed based on 
the matrix analysis and numerical methods. Both the pro-
posed method and the traditional non-condensed meth-
ods were investigated, and the results of the solution by 
the Runge-Kutta and Newmark methods were compared. 
Also, the proposed method was implemented for 4-, 6-, 
10-, and 14-story 1-bay and 2-bay structures under dif-
ferent earthquake records. A comparison of the results 
of the proposed method and traditional FEM software 
showed minimum and maximum deviations of 0.2% and 
1.5%, respectively. Moreover, in order to verify the per-
formance of the proposed analytical method some simi-
lar works are investigated that are addressed in Table 2. 
The two parameters of displacement and acceleration are 
considered. The comparison results illustrated that the 
proposed method has a good consistency with the other 
investigations. Another notable aspect of the presented 
method was its lower running time in such a way that by 
increasing the number of stories, it was about 20% lower 
(a)
(b)
Fig. 14 Comparison results of this paper with other references of Table 2
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than that of the traditional methods. For further study, 
we are going to extend the proposed analysis method for 
tall buildings. Another idea is to implement the proposed 
method to analyze the structures equipped with diagonal 
friction damper.
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